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Abstract
A closed connected n-manifold N is called a codimension 2 fibrator (codimension 2 orientable
fibrator, respectively) if each proper map p :M→B on an (orientable, respectively) (n+2)-manifold
M each fiber of which is shape equivalent to N is an approximate fibration. Let r be a nonnegative
integer and letN be a closed n-manifold whose fundamental group is isomorphic toH1×H2, where
H1 is a group whose order is odd and H2 is a finite direct product of cyclic groups of order 2r . Let
q1 :N1→N be the covering associated with H1. The main purpose of this paper shows that if N1
is a codimension 2 orientable fibrator, then N is a codimension 2 fibrator. Ó 2000 Elsevier Science
B.V. All rights reserved.
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1. Introduction
Coram and Duvall [5] introduced the concept of approximate fibrations as a generaliza-
tion of both Hurewicz fibrations and cell-like maps. A proper map p :M→B between lo-
cally compact ANRs is said to be an approximate fibration if the map has the following ap-
proximate homotopy lifting property: Given an open cover ε ofB , a spaceX, and two maps
µ :X→M and Ψ :X× I → B such that Ψ0 = p ◦µ, there exists a map Φ :X× I→M
such that Φ0 = µ and p ◦ Φ is ε-close to Ψ . If B is path-connected, then any two fibers
have the same shape [5].
Daverman [8] introduced the following definitions. A closed connected n-manifoldN is
called a codimension k fibrator (codimension k orientable fibrator, respectively) if for each
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proper map p :M→ B on an (orientable, respectively) (n+ k)-manifold M into a finite-
dimensional space whose fibers have the shape type of N , the map p is an approximate
fibration.
In [8], Daverman showed that all simply connected manifolds, closed surfaces with
nonzero Euler characteristic, and real projective n-spaces (n > 1) are codimension 2
fibrators. It is natural to ask the following:
Question 1.1 [8, Question 6.3]. Is every closed n-manifold with finite fundamental group
a codimension 2 fibrator?
Theorem 5.2 of [8] shows that every closed manifold N with pi1(N)≈ Z2×Z2 × · · · ×
Z2 is a codimension 2 fibrator. In [3], as the extension of the above result, we proved
that every closed manifold N whose fundamental group is isomorphic to a finite product
of Z2r ’s for some r is a codimension 2 fibrator. Theorem 1.3 of [1] shows that every
closed manifold with finite fundamental group and with nonzero Euler characteristic is
a codimension 2 fibrator. Moreover, Question 1.1 leads us to the following question:
Question 1.2 [10]. Is every Lens space a codimension 2 fibrator?
But, recently, Daverman [11] proves that if L is a (4n−1)-dimensional Lens space such
that |pi1(L)| > 2 is odd, then L× S4n−1 is not a codimension 2 orientable fibrator. This
is a counterexample to Question 1.1. He mentioned that the methods employed to obtain
the above result do not address Question 1.2. Let r be a nonnegative integer and let N be
a closed n-manifold whose fundamental group is isomorphic to H1 ×H2, where H1 is a
group whose order is odd and H2 is a finite direct product of cyclic groups of order 2r . Let
q1 :N1→ N be the covering associated with H1. The main purpose of this paper shows
that if N1 is a codimension 2 orientable fibrator, then N is a codimension 2 fibrator. In
particular, if H1 × H2 is cyclic and N1 is a codimension 2 orientable fibrator, then N is
a codimension 2 fibrator. This induces that every Lens space is a codimension 2 fibrator
if and only if every Lens space with odd order fundamental group is a codimension 2
orientable fibrator.
2. Preliminaries and definitions
Throughout this paper, all spaces are locally compact, separable metrizable, and
all manifolds are finite-dimensional, connected and boundaryless. Whenever we allow
boundary, the object will be called a manifold with boundary. Ek and Sk denote the k-
dimensional Euclidean space and the k-sphere with the standard topology, respectively, and
I denotes the unit interval [0,1]. Homology is computed with integer coefficients unless
another coefficient module is mentioned. Hˇk(X) and Hˇ k(X)mean the ˇCech homology and
cohomology of a space X, respectively. pˇik(X) denotes the kth shape group of a space X.
A map p :M → B between locally compact ANRs is said to have an approximate
homotopy lifting property (AHLP) with respect to the space X if, for each an open cover ε
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of B , and two maps µ :X→M and Ψ :X × I → B such that Ψ0 = p ◦ µ, there exists a
map Φ :X× I →M such that Φ0 = µ and that p ◦Φ is ε-close to Ψ . If p :M→ B is a
proper map and has the AHLP with respect to all spaces, we say that p is an approximate
fibration. Theorem 3.9 of [6] shows that a proper map p has the AHLP with respect to all
cells if and only if p is an approximate fibration.
Theorem 2.1 [5]. If p :M→ B is an approximate fibration, b ∈ B and e ∈ p−1(b), then
there is an exact sequence
· · ·→ pˇin
(
p−1(b), e
) i#→ pin(M,e) p#→ pin(B,p(e))→ pˇin−1(p−1(b), e)→·· · ,
where the homomorphism i# is induced by the inclusion map i :p−1(b)→M .
For the sake of convenience, a proper map p :M→ B is called an codimension k map if
M is an (n + k)-manifold, B is finite-dimensional and each p−1(b) has the shape type
of some closed n-manifold Nb . Since each fiber p−1(b) of every codimension k map
p :M → B is an FANR, we have a shape retraction R :p−1(U)→ p−1(b) defined on
some open neighborhoodU of b in B .
A codimension k map p :M→B has PropertyHi(R;G) (Property pii(R), respectively)
if for each b ∈ B , a shape retraction R :p−1(U) → p−1(b) defined on some open
neighborhoodU of b in B induces an isomorphism
Hˇi
(
R|p−1(b′);G) : Hˇi(p−1(b′);G)→ Hˇi(p−1(b);G)
(an isomorphism pˇii (R|p−1(b′)) : pˇii(p−1(b′))→ pˇii (p−1(b)), respectively) for all b′ ∈U .
If this property holds for some retraction R, then it holds for any shape retraction
p−1(U ′)→ p−1(b) defined on another open set U ′ 3 b. In particular, we denote Property
pi1(R) by Property R≈.
Let N be a closed n-manifold. A proper map p :M→ B is said to be an N -like map if
each p−1(b) has the shape type of N .
A closed n-manifold N is called a codimension k fibrator (codimension k orientable
fibrator, respectively) if every N -like codimension k map (codimension k map on
an orientable manifold, respectively) p :M → B is an approximate fibration. By [6,
Theorem 3.9], it is known that an N -like codimension k map p :M→B is an approximate
fibration if and only if the map p has Property pii(R) for all i .
Let N and N ′ be closed orientable n-manifolds and let f :N→ N ′ be a map. Then f
induces a homomorphism
Hn(f ) :Hn(N)≈ Z→Hn(N ′)≈ Z.
The (absolute) degree degf of f is |Hn(f )(1)| > 0. In general case, f induces a
homomorphism
Hn(f : Z2) :Hn(N : Z2)≈ Z2→Hn(N ′ : Z2)≈ Z2.
The degree mod 2 of f is defined byHn(f : Z2)(1). It is known that if N is orientable and
if N ′ is nonorientable, the degree mod 2 of f is zero. Similarly, if N is nonorientable and
if N ′ is orientable, the degree mod 2 of f is zero.
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A closed orientable n-manifold N is said to be hopfian if every degree one map
ψ :N→N is a homotopy equivalence. All closed, orientable n-manifolds N with pi1(N)
finite are hopfian manifolds. See [12, Theorem 2.2] for details.
We recall the elementary notion from group theory. For a groupH , define D0(H)=H ,
and, proceeding recursively, define Dn(H) by the commutator subgroup [Dn−1(H),H ]
for n= 1,2, . . . . A groupH is said to be nilpotent ifDn(H)= 1 for some n. It is clear that
if H is nilpotent, H 6= [H,H ], that is, H/[H,H ] 6= 1. It is known that every subgroup of
arbitrary nilpotent group is nilpotent. A finite group H is called a 2-group if its order is a
power of 2. It is known that every 2-group is nilpotent.
Let p :Mn+k→ B be a codimension k map. For each b ∈ B there exist a neighborhood
Ub of b in B and a shape retraction Rb :p−1(Ub)→ p−1(b), because p−1(b) is an
FANR. We define the continuity set Cp and the mod 2 continuity set C′p ⊂ B of the map
p :M→ B:
Cp =
{
b ∈B: there exist a neighborhoodUb of b in B and a shape retraction
Rb :p
−1(Ub)→ p−1(b) such that Rb|p−1(b′) :p−1(b′)→ p−1(b)
is a degree one map for all b′ ∈Ub
}
and
C′p =
{
b ∈B: there exist a neighborhoodUb of b in B and a shape retraction
Rb :p
−1(Ub)→ p−1(b) such that Rb|p−1(b′) :p−1(b′)→ p−1(b)
is a degree one mod 2 map for all b′ ∈Ub
}
.
Coram and Duvall [7] showed that C′p is an open dense subset of B . Note that
p|p−1(Cp) :p−1(Cp)→Cp has PropertyHn(R;Z) and that p|p−1(C′p) :p−1(C′p)→C′p
has Property Hn(R;Z2).
The following is shown in [8] and is a useful fact for the investigation of the codimen-
sion 2 fibrators.
Theorem 2.2 [8, Proposition 2.8]. Let p :M→ B be a codimension 2 map. Then the space
B is a 2-manifold with (possibly empty) boundary, C′p ⊂ IntB and D′p = (IntB)\C′p is
locally finite in B . In particular, if the map p is a codimension 2 map on an orientable
manifold such that each p−1(b) has the shape type of some closed orientable n-manifold
Nb , then the space B is a 2-manifold and Dp =B\Cp is locally finite in B .
Proposition 2.3 [2, Proposition 2.7]. Let M be an orientable (n + 2)-manifold and let
p :M→ B be a codimension 2 map. Then for each b ∈ C′p there is a closed orientable
manifold Nb which is shape equivalent to p−1(b).
3. Closed manifolds which satisfy Property (C′∗)k
Let k > 1 be an integer. A closed n-manifold N is said to satisfy Property (C′∗)k
(Property (C∗)k , respectively) if every N -like codimension k map p :M → B is
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an approximate fibration over the mod 2 continuity set C′p (the continuity set Cp ,
respectively). Generally, to prove that a closed manifold N is a codimension 2 fibrator,
to begin with, we show that N satisfies Property (C′∗)2. Finally, we show that for each
N -like codimension k map p :M→ B , B = C′p . Thus, it is important to examine closed
manifolds satisfying Property (C′∗)2. For each k > 1, by [11, Theorem 2.1], every hopfian
n-manifold satisfies Property (C∗)k . Similarly, if a closed n-manifold N satisfies the
following condition:
Every degree one mod 2 map φ :N→N is a homotopy equivalence, (H)
then N satisfies Property (C′∗)k . From [2] every closed orientable aspherical manifold
with nonzero Euler characteristic and with hopfian fundamental group satisfies the
condition (H). But Sn does not satisfy the condition (H).
Let N be a closed n-manifold and let p :M→ B be an N -like codimension 2 map. To
show that p|p−1(C′p) :p−1(C′p)→C′p is an approximate fibration, the first step would be
to prove that p|p−1(C′p) has Property R≈. Now we consider the following condition:
Every degree one mod 2 map φ :N→N induces an isomorphism
φ# :pi1(N)→ pi1(N). (∗)
Clearly (H) implies (∗). If N satisfies the condition (∗), then p|p−1(C′p) has Property
R≈. If pi1(N) is a 2-group,N satisfies the condition (∗) [3]. However, no Lens space with
odd order fundamental group satisfies the condition (∗).
Next, we will consider a closed n-manifold N satisfying pi1(N)≈H1 ×H2, where H1
is a group whose order is odd and H2 is a 2-group. We identify H1 and H2 with H1 × {1}
and {1} ×H2 in H1 ×H2, respectively. Let Pi :H1 ×H2→Hi be the projection and let
Ii :Hi→H1×H2 be the inclusion homomorphism for each i = 1,2. We note that for each
homomorphism θ :H1×H2→H1×H2, P2 ◦ θ ◦ I1 :H1→H2 and P1 ◦ θ ◦ I2 :H2→H1
are trivial. Lemma 3.1 shows that N has the following property:
Every degree one mod 2 map φ :N→N satisfies that the homomorphism
P2 ◦ φ# ◦ I2 :H2→H2 is an isomorphism, where the homomorphism
φ# :pi1(N)→ pi1(N) is induced by φ. (∗)′
It is clear that (∗) implies (∗)′. The following lemma shows that every closed manifold
with finite nilpotent fundamental group satisfies the condition (∗)′.
Lemma 3.1. Suppose that Nn is a closed n-manifold satisfying that pi1(N) ≈ H1 ×H2,
whereH1 is a group whose order is odd andH2 is a 2-group. Then N satisfies the condition
(∗)′.
Proof. Suppose that φ :N → N is a degree one mod 2 map and the homomorphism
φ# :pi1(N)→ pi1(N) is induced by φ. Let q :N2→ N be the covering corresponding to
H2 and let φ′ :N2→N2 be a lift of φ ◦ q with φ ◦ q = q ◦ φ′.
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N2
q
φ′
N2
q
N
φ
N
Since |pi1(N)/q#(pi1(N2))| = |H1| is odd, q is a degree one mod 2 map. Therefore φ′
has degree one mod 2. It follows from [2, Proposition 4.1] that φ′# :pi1(N2)→ pi1(N2)
induced by φ′ is an isomorphism. This lead to the conclusion that P2 ◦ φ# ◦ I2 :H2→H2
is an isomorphism. 2
As the proof of [1, Proposition 3.5], we have the following.
Lemma 3.2. Suppose that N is a closed n-manifold with pi1(N) finite. Let p :M → B
be an N -like codimension k map, let b0 ∈ B and let g0 = p−1(b0). And let U and V be
neighborhoods of b0 in B , let R :p−1(V )→ g0 be a shape retraction in p−1(U), b ∈ V ,
and g = p−1(b). Moreover, let H be a subgroup of pˇi1(g0) and let q :V ∗ → p−1(V ) be
the covering associated with R−1# (H). Then for each component g∗C of g∗ = (p ◦ q)−1(b),
there exists a covering qH :NH → N such that g∗C has the shape type of NH and that
pi1(NH )≈ (R|g)−1# (H).
Lemma 3.3. Suppose thatN is a closed n-manifold and pi1(N)≈H1×H2, whereH1 is a
group whose order is odd and H2 is a 2-group. Let p :M→ B be an N -like codimension
k map, let b0 ∈B and let g0 = p−1(b0). And let U and V be neighborhoods of b0 in B , let
R :p−1(V )→ g0 be a shape retraction in p−1(U), b ∈ V , and g = p−1(b). Moreover, let
q :V ∗ → p−1(V ) be the covering associated with R−1# (H1). If P2 ◦ (R|g)# ◦ I2 :H2→H2
is an isomorphism, then g∗ = q−1(g) has the shape type of N1, where q1 :N1→N is the
covering satisfying q1#(pi1(N1))=H1.
Proof. Let P2 :H1 × H2 → H2 be the projection and let I2 :H2 → H1 × H2 be the
inclusion homomorphism.
First, we will show that g∗ is connected. From the homotopy exact sequences of (V ∗, g∗)
and (p−1(V ), g), we have a commutative diagram
pi1(V ∗)
q#
j ′#
pˇi1(V ∗, g∗)
q# ≈
∂ ′
pˇi0(g∗)
q#
1
pi1(p−1(V )) j# pˇi1(p
−1(V ), g) 1
where j# :pi1(p−1(V ))→ pi1(p−1(V ), g) and j ′# :pi1(V ∗)→ pˇi1(V ∗, g∗) are the homo-
morphisms induced by the inclusion maps. We show that pˇi0(g∗) ≈ 1 and it suffices to
prove that the boundary homomorphism ∂ ′ : pˇi1(V ∗, g∗)→ pˇi0(g∗) is trivial, that is, j ′# is
an epimorphism. It remains to prove that for each element a of pˇi1(p−1(V ), g), there exists
an element b′ of pi1(p−1(V )) satisfying that b′ ∈KerP2 ◦R# and j#(b′)= a. Since j# is an
epimorphism, there exists an element b of pi1(p−1(V )) satisfying j#(b)= a. We have the
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inverse mapping ((R|g)#|H2)−1 :H2→ H2 of (R|g)#|H2 :H2→ H2. Define an element
b′′ of pi1(p−1(V )) by the image of b under the composition
pi1
(
p−1(V )
) R#
pˇi1(g0)
P2
H2
((R|g)#|H2)−1
H2
I2
pˇi1(g)
incl#
pi1
(
p−1(V )
)
where incl :g → p−1(V ) is the inclusion map. Let b′ = b · (b′′)−1. From (R|g)# =
R# ◦ incl# : pˇi1(g)→ pˇi1(g0), we obtain that
P2 ◦R#(b′′)= P2 ◦ (R|g)# ◦ I2 ◦
(
(R|g)#|H2
)−1 ◦ P2 ◦R#(b)
= P2 ◦R#(b).
Thus we can see that b′ ∈ KerP2 ◦ R#. It follows from j#(b′′) = 1 (because b′′ ∈
incl#(pˇi1(g))) that j#(b′)= a.
Lemma 3.2 shows that g∗ has the shape type of N1. 2
Proposition 3.4. Suppose that N is a closed n-manifold and pi1(N) ≈ H1 × H2, where
H1 is a group whose order is odd and H2 is a 2-group. Let q1 :N1→ N be the covering
associated with H1. If N1 is a codimension 2 orientable fibrator, then N satisfies Property
(C′∗)2.
Proof. Let p :M → B be an N -like codimension 2 map and let b0 ∈ C′p . And let U
and V be neighborhoods of b0 in C′p , let R :p−1(V )→ p−1(b0) be a shape retraction in
p−1(U) such that for each b ∈ V , R|p−1(b) :p−1(b)→ p−1(b0) has degree one mod 2.
Moreover, let q :V ∗ → p−1(V ) be the covering associated with R−1# (H1). It follows from
Lemmas 3.1 and 3.3 that the map p∗ = p ◦q :V ∗ → V is N1-like. From [1, Corollary 3.3],
we see that N1 is a codimension 2 fibrator, thus, the map p∗ = p ◦ q :V ∗ → V is
an approximate fibration. Lemma 2.5 of [8] shows that p|p−1(V ) :p−1(V )→ V is an
approximate fibration. It follows from [6, Theorem 3.9] that p :M→ B is an approximate
fibration over C′p . 2
4. Manifolds with finite cyclic fundamental groups and codimension 2 fibrators
Theorem 4.1. Suppose that N is a closed n-manifold and pi1(N) ≈ H1 × H2, where
H1 is a group whose order is odd and H2 is a 2-group. Let p :M → B be an N -like
codimension 2 map. If p :M → B is an approximate fibration over C′p , then B is a 2-
manifold without boundary.
Proof. The proof is similar to that of [1, Theorem 4.1]. Suppose that the boundary ∂B of
B is nonempty. Applying a method of [7, Lemma 3] to p|p−1(∂B) :p−1(∂B)→ ∂B , we
have an open dense set V of ∂B such that for each a ∈ V , there exists a shape retraction
Ra :p
−1(Va)→ p−1(a) on some neighborhood Va of a such that Ra |p−1(a′) :p−1(a′)→
p−1(a) is a shape equivalence for each a′ ∈ Va ∩ ∂B . Therefore, applying Theorem 2.2,
there exist a point a0 ∈ ∂B , a neighborhoodU of a0 in B and a shape retraction R :MU =
p−1(U)→ g0 = p−1(a0) such that
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(i) U is homeomorphic to {(x, y) ∈E2: y > 0},
(ii) A=U ∩ (∂B)⊂B\C′p is an open arc,
(iii) p|p−1(A) :p−1(A)→A is a shape fibration, and
(iv) p|MU\p−1(A) :MU\p−1(A)→U\A is an approximate fibration.
Let q1 :N1→ N be the covering associated with H1. Let P2 :H1 × H2→ H2 be the
projection and let I2 :H2→H1 ×H2 be the inclusion homomorphism. Set gb = p−1(b)
for each b ∈U\a0.
Let q :M∗U → MU denote the finite covering associated with the kernel of P2 ◦
R# :pi1(MU)→ H2. By condition (iii) and Lemma 3.3, g∗a = (p ◦ q)−1(a) has the shape
type ofN1 for all a ∈A. We have a strong deformation retraction d :U→A and we see that
p|p−1(U\A) is regular by [5, Proposition 1.5]. Therefore MU shape deformation retracts
to p−1(A). Moreover the covering property of q implies that M∗U shape deformation
retracts to A∗ = (p ◦ q)−1(A). From condition (iii), we see that A∗ has the proper shape
type of N1 × (0,1), thereforeH1(M∗U ;Z2)≈H1(N1 × (0,1);Z2)≈ 0. By duality,
H2(M
∗
U ,M
∗
U\A∗;Z2)≈ Hˇ nC(A∗;Z2)≈HnC(N1 × (0,1);Z2)
≈H1(N1 × (0,1);Z2)≈ 0.
From the homology exact sequence of (M∗U ,M∗U\A∗), we have
0≈H2(M∗U ,M∗U\A∗;Z2)→H1(M∗U\A∗;Z2)→H1(M∗U ;Z2)≈ 0.
Thus, we see that
H1(M
∗
U\A∗;Z2)≈ 0. (a)
In the rest of the proof, we derive a contradiction by showing that the above group is
nonzero. Fix a point b ∈U\A and denote g∗b = q−1(gb). Suppose that the homomorphism
P2 ◦ (R|gb)# ◦ I2 :H2→H2 is an isomorphism. Lemma 3.2 shows that g∗b has the shape
type of N1. We see from (iii) and (iv) that g∗b′ has the shape type of N1 for each b′ ∈ U .
Since N1 and M∗U are orientable, by Theorem 2.2, U is a 2-manifold without boundary.
We have a contradiction, thus, P2 ◦ (R|gb)# ◦ I2 :H2→H2 is not an isomorphism. From
Lemma 3.2, there exists a covering q ′′ :N ′′ →N such that each component of g∗b has the
shape type of N ′′ and that pˇi1(N ′′)≈H1×K2, whereK2 =Ker(P2 ◦ (R|gb)# ◦ I2). We see
that
H1(N
′′;Z2)≈
(
H1×K2/[H1×K2,H1×K2]
)⊗Z2
≈ ((H1/[H1,H1])⊗Z2)× ((K2/[K2,K2])⊗Z2)
≈ (K2/[K2,K2])⊗Z2 ≈K ′2 ⊗Z2,
where K ′2 = K2/[K2,K2]. We suppose that g∗b has m′ components. Take the induced
decomposition
G∗U =
{
g∗b′C | b′ ∈U and g∗b′C is a component of g∗b′ = q−1(gb′)
}
,
and the decomposition map p∗U :M∗U → B∗U = M∗U/G∗U . Since M∗U is orientable, by
Proposition 2.3, N ′′ is orientable. Let (Uk,Ak) be a copy of (U,A) for each k =
1,2, . . . ,m′ and let
∨
AUk be the union of Uk pasted along Ak ≈ A. We see that for
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each component MC of M∗U\A∗, p∗U(MC ∪ A∗) is homeomorphic to U and that B∗U is
homeomorphic to
∨
AUk . Theorem 2.2 shows that B∗U is a 2-manifold, thus, m′ = 2.
Since p ◦ q|M∗U\A∗ :M∗U\A∗ → U\A is an approximate fibration, we have the exact
sequence
1→ pˇi0(g∗b)→ pi0(M∗U\A∗)→ 1,
thus we can see that M∗U\A∗ has two components. Moreover, this indicates that each
component of M∗U\A∗ admits an approximate fibration to an open disk with fiber N ′′,
thus, is homotopy equivalent to N ′′, showing that
H1(M
∗
U\A∗;Z2)≈K ′2 ⊗Z2 ×K ′2 ⊗Z2.
Since P2 ◦ (R|gb)# ◦ I2 :H2→H2 is not injective, we see that
K2 =Ker
(
P2 ◦ (R|gb)# ◦ I2
) 6= 1⊂H2.
Since H2 is nilpotent, K2 is nilpotent. We see that K ′2 = K2/[K2,K2] is nontrivial, that
is, H1(N ′′;Z2) ≈ K ′2 ⊗ Z2 6= 0 and therefore H1(M∗U\A∗;Z2) 6= 0. This contradicts the
above condition (a). Therefore, we deduce that ∂B is empty. 2
Theorem 4.2. Let r be a nonnegative integer and let N be a closed n-manifold whose
fundamental group is isomorphic to H1×H2, whereH1 is a group whose order is odd and
H2 is a finite direct product of cyclic groups of order 2r . Let q1 :N1→N be the covering
associated withH1. IfN1 is a codimension 2 orientable fibrator, thenN is a codimension 2
fibrator.
Proof. Let p :M→ B be an N -like codimension 2 map. We see from Proposition 3.4 that
p|p−1(C′p) :p−1(C′p)→ C′p is an approximate fibration, and from Theorem 4.1 that B is
a 2-manifold without boundary.
We focus on the complement D′p = B\C′p and intend to prove that D′p is empty.
Take two points b0 ∈ B and b ∈ B\b0. And set g0 = p−1(b0) and g = p−1(b). Let
λ : g = p−1(b)→M be the inclusion map. SinceD′p is locally finite in B by Theorem 2.2,
localizing the argument to the typical situation, we may assume that B is an open 2-cell
containing b0 and p|M\g0 :M\g0 → B\b0 is an approximate fibration. There exists a
strong deformation retraction d :B → {b0} and we see that p|p−1(U\{b}) is regular
by [5, Proposition 1.5]. Therefore, we may assume that there exists a shape strong
deformation retraction R :M → g0. We see that R and the inclusion map g0 →M are
shape equivalences. Therefore R induces an isomorphism R# :pi1(M)→ pˇi1(g0). The goal
is to prove that b0 is contained in C′p .
Take the universal covering q :M∗ →M and take the induced decomposition
G∗ = {g′∗C | g′∗C is a component of g′∗ = (p ◦ q)−1(b′) and b′ ∈B},
and the decomposition map p∗ :M∗ →B∗ =M∗/G∗. Set
Ki =Ker
{(
Pi ◦ (R|g)# ◦ Ii
)
:Hi→ pˇi1(g)→ pˇi1(g0)→Hi
}
(i = 1,2).
Lemmas 3.2 and 3.3 can show the following claims (1) and (2). And we have the following
claims (3) and (4) because
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p|M\g0 :M\g0→ B\b0 ≈ S1 × (0,1)
is an approximate fibration.
Claim.
(1) g∗0 = q−1(g0) has the shape type of N∗ which is the universal cover of N .
(2) Every component g∗C of g∗ = q−1(g) has the shape type of an orientable manifold
N ′, where q ′ :N ′ →N denotes the covering associated with Ker(λ#)≈K1×K2 ⊂
pi1(g)≈ pi1(N).
(3) p∗|M∗\g∗0 :M∗\g∗0→B∗\p∗(g∗0 ) is an approximate fibration.
(4) B∗\p∗(g∗0) is homeomorphic to S1 × (0,1).
We show that K2 is a cyclic 2-group. We have the diagram
1 pˇi1(g)
i# pi1(M\g0) (p|M\g0)# pi1(B\b0)≈ Z
≈
1
1 i∗(Hˇ1(g)) H1(M\g0) (p|M\g0)∗ H1(B\b0)≈ Z 1
and we see from the exactness of the bottom row that
H1(M\g0)≈ i∗
(
Hˇ1(g)
)×Z,
where i∗ : Hˇ1(g)→H1(M\g0) is induced by the inclusion map. From [3, Theorem 2.4],
we have an isomorphism σ : Hˇ1(g)→ Hˇ1(g) such that
i∗
(
Hˇ1(g)
)≈ Hˇ1(g)/Q,
where Q = {σ(u) − u | u ∈ Hˇ1(g)}. Note that Hˇ1(g) ≈ H ′1 × H2, where H ′1 ≈
H1/[H1,H1]. Let P1 :H ′1 × H2 → H ′1 and P2 :H ′1 × H2 → H2 be the projections and
let I1 :H ′1→H ′1 ×H2 and I2 :H2→H ′1 ×H2 be the inclusion homomorphisms. And let
Q1 = {P1(σ (I1(u1)) − I1(u1)) | u1 ∈ H ′1 ⊂ Hˇ1(g)} and Q2 = {P2(σ (I2(u2)) − I2(u2)) |
u2 ∈H2 ⊂ Hˇ1(g)}. Then Q≈Q1 ×Q2, thus,
i∗
(
Hˇ1(g)
)≈ (H ′1 ×H2)/(Q1 ×Q2)≈ (H ′1/Q1)× (H2/Q2).
From the homology exact sequence of (M,M\g0), we have
H1(M\g0)≈ (H ′1/Q1)× (H2/Q2)×Z
j∗→H1(M)≈H ′1×H2 k∗→H1(M,M\g0),
where j∗ :H1(M\g0)→H1(M) and k∗ :H1(M)≈H ′1×H2→H1(M,M\g0) are induced
by the inclusion maps, respectively. Since H1(M,M\g0) ⊗ Z2 ≈ H1(M,M\g0 : Z2) ≈
Hˇ n+1(g0 : Z2)≈Hn+1(N : Z2)≈ 0,H1(M,M\g0) is a group of odd order. Thus, 0×H2
is contained in the kernel of k∗. Since H ′1/Q1 is a group of odd order and H2/Q2 is a
2-group, we have a natural epimorphism
ξ :H2×Z2r → (H2/Q2)×Z2r →H1(M)≈H ′1×H2→H2
whose kernel is a cyclic 2-group because this epimorphism is split. We see that K2 ≈
Ker(ξ) ∩ (H2× 0) is a cyclic 2-group.
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By claims (3) and (4), we have the commutative diagram with exact rows
1 pˇi1(g∗C)
j ′∗◦h′
j ′# pi1(M∗\g∗0 )
h
(p∗|M∗\g∗0 ) pi1(B∗\p∗(g∗0 ))≈ Z
≈ h′′
1
1 j ′∗(Hˇ1(g∗C)) H1(M
∗\g∗0 ) (p∗|M∗\g∗0 )
H1(B∗\p∗(g∗0 ))≈ Z 1
where h, h′ and h′′ are Hurewicz maps. By the exactness of the bottom row, we have
H1(M
∗\g∗0 )≈ j ′∗
(
Hˇ1(g
∗
C)
)×Z. (a)
We show that K2 ≈ 0. Suppose not. From [3, Theorem 2.4], we have an isomorphism
σ ∗ : Hˇ1(g∗C)→ Hˇ1(g∗C) such that
j ′∗
(
Hˇ1(g
∗
C)
)≈ Hˇ1(g∗C)/Q∗,
where Q∗ = {σ ∗(u) − u | u ∈ Hˇ1(g∗C)}. Note that Hˇ1(g∗C) ≈ K ′1 × K2, where K ′1 ≈
K1/[K1,K1]. Let P ∗1 :K ′1 × K2→ K ′1 and P ∗2 :K ′1 × K2→ K2 be the projections and
let I∗1 :K ′1→ K ′1 × K2 and I∗2 :K2→ K ′1 × K2 be the inclusion homomorphisms. And
let Q∗1 = {P ∗1 (σ ∗(I∗1 (u1)) − I∗1 (u1)) | u1 ∈ K ′1 ⊂ Hˇ1(g∗C)} and Q∗2 = {P ∗2 (σ ∗(I∗2 (u2)) −
I∗2 (u2)) | u2 ∈K2 ⊂ Hˇ1(g∗C)}. Then Q∗ ≈Q∗1 ×Q2∗, thus,
j ′∗
(
Hˇ1(g
∗
C)
)≈ (K ′1 ×K2)/(Q∗1 ×Q∗2)≈ (K ′1/Q∗1)× (K2/Q∗2).
We see from [3, Lemma 4.5] that K2/Q∗2 6= 0 and that j ′∗(Hˇ1(g∗C)) 6= 0. Hence we have
from (a) that H1(M∗\g∗0 ) is not cyclic. On the other hand, by claim (1), the homology
exact sequence of the pair (M∗,M∗\g∗0)
Z≈ Hˇ n(g∗0 )≈H2(M∗,M∗\g∗0 )→H1(M∗\g∗0)→H1(M∗)≈ 0
dictates that H1(M∗\g∗0 ) is a cyclic group. This is a contradiction. We see that K2 ≈ 1
and that (P2 ◦ (R|g)# ◦ I2) :H2 → pˇi1(g)→ pˇi1(g0)→ H2 is an isomorphism, where
P2 : pˇi1(g0) ≈ H1 × H2 → H2 is the projection and I2 :H2→ H1 × H2 ≈ pˇi1(g) is the
inclusion homomorphism. It follows from the proof of Proposition 3.4 that b0 is contained
in C′p . 2
Corollary 4.3. Let N be a closed manifold with cyclic fundamental group pi1(N) ≈
Zs × Z2r , where s is odd. And let q1 :N1→ N be the covering associated with Zs . If
N1 is a codimension 2 orientable fibrator, then N is a codimension 2 fibrator.
Corollary 4.4. Every Lens space is a codimension 2 fibrator if and only if every Lens
space with odd order fundamental group is a codimension 2 orientable fibrator.
Corollary 4.5. Let L be a (4n+1)-dimensional Lens space with pi1(L)≈ Zs×Z2r , where
s is odd. Suppose the following:
All units u ∈Zs satisfy u2n+1 ≡+1 mod s. C(n, s)
Then L is a codimension 2 fibrator.
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Proof. Let q1 :L1 → L be the covering associated with Zs . From [12, Corollary 3.6]
we have that L1 is a codimension 2 fibrator. By Theorem 4.2, L is a codimension 2
fibrator. 2
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